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Previous theoretical Nusselt numbers derived for the heat transfer to liquid metals flowing past an elliptical

cylinder were based on the usual assumptions associated with inviscid potential flow. Although, in liquid metals, the

thickness of the thermal boundary layer ismuch greater than the thickness of the hydrodynamic boundary layer, the

effects of the thin hydrodynamic boundary layer on the heat transfer process cannot be neglected. In this study, the

influence of a thin hydrodynamic boundary layer on the heat transfer from a single elliptical cylinder to liquidmetals

having low Prandtl numbers (0.001–0.03) is investigated under isothermal and isoflux boundary conditions. Two

separate analytical heat transfer models, viscous and inviscid, are developed to clarify the discrepancy between

previous results. It is demonstrated that the inviscid model gives higher heat transfer coefficients than the viscid

model for both thermal boundary conditions, and the disagreement between the inviscid and viscous flow models

originates due to the neglect of the hydrodynamic boundary layer compared to the thermal boundary layer and the

effect of the separation of flow on heat transfer.

Nomenclature

a = semimajor axis of elliptical cylinder, m
b = semiminor axis of elliptical cylinder, m
cp = fluid specific heat, kJ=kg � K
D = diameter of circular cylinder
E�e� = complete elliptic integral of second kind
e = eccentricity �

�������������
1 � �2
p

hav = average heat transfer coefficient, W=m2 � K
k = thermal conductivity, W=m � K
L = characteristic length � 4aE�e�=�, m
NuL = Nusselt number based on the characteristic length �

hL=kf
PeL = Peclet number based on characteristic length � ReLPr
Pr = Prandtl number � �=�
q = heat flux, W=m2

ReL = Reynolds number based on characteristic length �
UappL=�

s = distance along curved surface of elliptical cylinder, m
T = temperature, �C
Uapp = approach velocity, m=s
U�s� = velocity in inviscid region just outside the boundary

layer, m=s
u = s component of velocity in boundary layer, m=s
v = � component of velocity in boundary layer, m=s
x, y = Cartesian coordinates
� = thermal diffusivity, m2=s
� = hydrodynamic boundary-layer thickness, m
�2 = momentum boundary-layer thickness, m
�T = thermal boundary-layer thickness, m
� = axis ratio � b=a

� = distance normal to and measured from surface of an
elliptical cylinder, m

� = angle measured from stagnation point, radians
� = pressure gradient parameter
	 = absolute viscosity of fluid, kg=m � s
� = kinematic viscosity of fluid, m2=s

 = fluid density, kg=m3

� = ratio of hydrodynamic to thermal boundary-layer
thickness � �=�T

� = shear stress, N=m2

Subscripts

a = ambient
f = fluid
H = hydrodynamic
p = pressure
s = separation
T = thermal
w = wall

Introduction

T HE use of liquid metals as a “thermal medium” in nuclear
reactor and power-generating systems is increasing day by day

due to their excellent heat transfer characteristics. An elliptical
cylinder in liquid metals can be used more effectively in high-heat-
flux applications. They offer less flow resistance and higher heat
transfer rates than circular cylinders. They provide more general
geometrical configurations than the circular cylinders. In the limiting
cases, they represent a finite-length plate when the axis ratio �! 0,
and a circular cylinder when the axis ratio �! 1. Thus, a systematic
analytical investigation of elliptical geometries can provide not only
flow and heat transfer characteristics from elliptical cylinders of
different axis ratios but also from circular cylinders and finite-length
flat plates. Khan et al. [1] reported several studies related to fluid flow
and heat transfer from elliptic cylinders to Newtonian fluids having
Prandtl numbers� 0:7. In an another paper, Khan et al. [2] presented
other studies [3–10] related to heat transfer from cylinders to liquid
metals (0:001 � Pr � 0:03). Theoretical studies [3–6] were based
on potential flow and were used to determine the heat transfer
coefficients of liquid metals for flow across flat plates and normal to
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cylinders of various cross sections. They derived theoretical
expressions for the average Nusselt numbers for different surface
temperature profiles. In experimental/numerical studies [7–10], local
and average heat transfer coefficients were determined for the flowof
liquid sodium normal to a single circular cylinder. They found a
considerable discrepancy between their experimental/numerical
results and the previous analytical predictions, and concluded that
the assumption of potential flowwas inadequate to predict accurately
the heat transfer rate.

The purpose of this study is to investigate the effects of a thin
hydrodynamic boundary on the heat transfer from an elliptical
cylinder. The potential and viscous flows are studied and analytical
models are developed for local and average heat transfer coefficients
using isothermal and isoflux thermal boundary conditions. The
values of the axis ratio � are taken from 0.1 to 1.

For a fair comparison of heat transfer from an elliptical cylinder
with that of a circular cylinder, a characteristic length is used in both
ReL andNuL. This characteristic lengthL is based on the equivalent
diameter of a circular cylinder whose parameter is the same as that of
the elliptical cylinder and that of the flat plate. The characteristic
length L	 4aE�e�=�where E�e� is the complete elliptical integral.
In the limiting cases, when �! 1, this characteristic length gives the
diameter D of a circular cylinder, and when �! 0, it represents the
length L of a flat plate.

Analysis

Consider a uniform flowof a liquidmetal with low Prandtl number
past a fixed elliptic cylinder of the characteristic length L. The
approaching velocity of the fluid isUapp and the ambient temperature
is assumed to be Ta. The surface temperature of the elliptic
cylindrical wall is Tw, where Tw � Ta in the case of the isothermal
cylinder and the heat flux is q for the isoflux boundary conditions.
The flow is assumed to be laminar, steady, and two-dimensional. An
integral approach is employed for the boundary-layer analysis to
derive closed-form expressions for the calculation of local and
average heat transfer coefficients. The von Kármán–Pohlhausen
method [11,12] is used to solve the momentum equation and the
energy equation is solved for both thermal boundary conditions. A
fourth-order velocity profile in the hydrodynamic boundary layer
and a third-order temperature profile in the thermal boundary layer
are used. Khan et al. [1] set up the momentum and energy equations
in a curvilinear system of coordinates in which s denotes the distance
along the curved surface of the elliptic cylinder measured from the
forward stagnation point A, and � is the distance normal to and
measured from the surface. In this system of coordinates, the velocity
components are denoted byu and v in the local s and � directions. For
the viscous flow model, the velocity distribution in the thin
hydrodynamic boundary layer can be approximated by a fourth-
order polynomial as suggested by Pohlhausen [12]:

u

U�s� 	
�
�2�H � 2�3H 
 �4H� 


�

6
��H � 3�2H 
 3�3H � �4H�

�
(1)

where �H 	 �=� is the dimensionless distance normal to the cylinder
surface in the hydrodynamic boundary layer, and U�s� is the
potential flow velocity over an elliptical cylinder just outside the
boundary layer and can be written as

U�s� 	
�1
 ��Uapp sin ��������������������������

1 � e2cos2�
p (2)

Khan et al. [1] solved the momentum equation using the
von Kármán–Pohlhausen integral method [11,12] and obtained the
following expressions for the dimensionless boundary-layer and
momentum thicknesses:

�
L	 1

2
������
ReL
p

��������������������������
���1�e2cos2��2
�2�1
��E�e� cos �

q
�2
L 	 0:61������

ReL
p

���������������������������������������������
�1�e2cos2��3
E�e�sin6�

R
�
0

sin5�d�
�1�e2cos2��2

q
9>>=
>>; (3)

The energy equation in the curvilinear system is

u
@T

@s

 v @T

@�
	 � @

2T

@�2
(4)

The thermal boundary conditions for the isothermal and isoflux
cylinders are as follows:

�	 0;

(
T 	 Tw UWT
@T
@�
	� q

kf
UWF (5)

and

�	 �T ;
(
T 	 Ta UWT
@T
@�
	 0 UWF

(6)

where UWT andUWF are the uniformwall temperature and uniform
wall flux, respectively. Temperature distributions for both thermal
boundary conditions will be

T � Ta 	

8>><
>>:
�Tw � Ta�

�
1 � 3

2
�T 
 1

2
�3T

�
UWT

2q�T
3kf

�
1 � 3

2
�T 
 1

2
�3T

�
UWF

(7)

Inviscid Model

In liquid metals, the thickness of the viscous boundary layer is
small as compared with that of the thermal boundary layer and may
be ignored, so that the fluid flow can be considered as a potential flow
of an ideal fluid. Assuming the presence of a thin thermal boundary
layer �T along the cylinder surface, the energy integral equation can
be written as

d

ds

Z
�T

0

�T � Ta�u d�	

8>><
>>:
�� @T

@�

����
�	0

UWT

q

cp

UWF

(8)

Using temperature profiles, Eq. (7), and assuming �	 �=�T � 1,
Eq. (8) can be simplified to

�T
d
ds
�U�s��T 
 	 4� UWT

d
ds
�U�s��2T 
 	 4�

Pr
UWF

9=
; (9)

In the case of elliptical geometry, the radial distance r to a point on
the ellipse surface is

r	 a
�������������������������
1 � e2cos2�

p
(10)

therefore, the length ds can be written as

ds	 a
�������������������������
1 � e2cos2�

p
d� (11)

Solving Eqs. (9), the dimensionless thermal boundary-layer
thickness for both boundary conditions can be written as

�T���
L
�
���������
PeL

p
	

8>><
>>:

�����������������������������
2��1�e2cos2��

E�e��1
���1
cos ��

q
UWT������������������������������

��1�e2cos2��1=2f���
E�e��1
�� sin �

q
UWF

(12)

where

f��� 	
Z
�

0

�������������������������
1 � e2cos2�

p
d� (13)

Using a basic definition, heat transfer coefficients for both thermal
boundary conditions can be written as
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h��� 	 1:5
kf
L

���������
PeL

p
8>><
>>:

�����������������������������
E�e��1
���1
cos ��

2��1�e2cos2��

q
UWT������������������������������

E�e��1
�� sin �
��1�e2cos2��1=2f���

q
UWF

(14)

In dimensionless form, these heat transfer coefficients can be written
as

NuL������������
PeL
p 	 1:5

8>><
>>:

�����������������������������
E�e��1
���1
cos ��

2��1�e2cos2��

q
UWT������������������������������

E�e��1
�� sin �
��1�e2cos2��1=2f���

q
UWF

(15)

The average heat transfer coefficient, for both thermal boundary
conditions, can be defined as

h	 1

�

Z
�

0

h��� d�

In dimensionless form, it can be written as

NuL���������
PeL
p 	 1:5

�

8>><
>>:
R
�
0

�����������������������������
E�e��1
���1
cos ��

2��1�e2cos2��

q
d� UWTR

�
0

������������������������������
E�e��1
�� sin �

��1�e2cos2��1=2f���

q
d� UWF

(16)

Equation (16) is solved for different values of � and the results are
correlated in terms of � into single correlation for each thermal
boundary condition.

NuL���������
PeL
p 	

8<
:

1:66
7:14�
1
9:28��1:07�2 UWT

2:25
10:5�
1
10:91��0:17�2 UWF

(17)

The results of inviscid models for both thermal boundary conditions
are presented and compared with Hsu [5] analytical models in
Table 1 for the same axis ratios.

Viscous Flow Model

In this model, the velocity distribution, Eq. (1), is used inside the
hydrodynamic boundary layer, whereas the potential flow velocity,
Eq. (2), is used outside the boundary layer. The thermal boundary
conditions, Eqs. (5) and (6), and the temperature distributions,
Eq. (7), for isothermal and isoflux cylinders are the same for this
model. Following the procedure used by Khan et al. [1] and
neglecting higher powers of �, Eq. (8) for both thermal boundary
conditions can be simplified to

�T � dds
�
U�s��T

�
3
8
� 3�

10

 ��

120

��
	 3�

2
UWT

d
ds

�
�2TU�s�

�
3
8
� 3�

10

 ��

120

��
	 3�

2Pr
UWF

9>>=
>>; (18)

where �	 �=�T � 1 and � is the pressure gradient parameter whose
values were determined by Khan et al. [1] by solving the momentum
integral equation for different values of axis ratio �. These values
were found to be positive from 0 � � � �1 	 90 deg (region 1,
bounded by ACOA) and negative from �1 � � � �s (region 2,
bounded by CODC), as shown in Fig. 1. Thus, the entire range of
interest 0 � � � �s could be divided into two regions and the �
values were fitted separately by the least-square method into two
polynomials for each axis ratio �. Neglecting higher powers of � and
depending upon values of �, Eq. (18), for the isothermal boundary
condition, can be written for the two regions

�2T1

�
9
64
� 3�

4

�
�
120
� 3

10

��
	 3a�

Uapp�1
��
� 1�e2cos2�

sin2�
f1��� region 1�����2T

�
9
64
� 3�

4

�
�
120
� 3

10

�������T2
�T1

	 3a�
Uapp�1
�� �

1�e2cos2�
sin2�

f2��� region 2

9>>=
>>;

(19)

where

f1��� 	
R
�
0 sin �

�
3
8
� 3�

10

 ��1

120

�
d� region 1

f2��� 	
R
�
�=2 sin �

�
3
8
� 3�

10

 ��2

120

�
d� region 2

9>>=
>>; (20)

Solving Eqs. (19) for dimensionless thermal boundary-layer
thicknesses �1 	 �T1

���������
PeL
p

=L and �2 	 �T2
���������
PeL
p

=L, we get a
quadratic equation for each region:

�2
1�
�

36��1
45

� �����������������������������
��1�e2cos2��2�1Pr
�2�1
��E�e�cos�

q
�1� 2��1�e2cos2��Pr

E�e��1
���1
cos��	0 region 1

�2
2�
�

36��2
45

� �����������������������������
��1�e2cos2��2�2Pr
�2�1
��E�e�cos�

q
�2� 16��1�e2cos2��f3���

3E�e��1
��sin2� 	0 region 2

9>>=
>>;

(21)

where f3��� 	 f1��� 
 f2���. The solution of Eqs. (21) gives the
dimensionless thermal boundary-layer thickness in both regions.

�1	
36��1
90

�������������������������������������������
�1Pr��1� e2cos2��2
�2�1
 ��E�e�cos�

s


 1

90

��������������������������������������������������������������������������������������������������������������������
�36��1�2�1Pr��1� e2cos2��2

�2�1
 ��E�e�cos� 
 16200��1� e2cos2��
E�e��1
 ���1
 cos��

s

	F1��;�;Pr�
(22)

and

X

Y

2

s

1

a

b

A

appU

(s)

D

U(s)

c s

0

12

Fig. 1 Laminar flow over elliptical cylinder.

Table 1 Dimensionless heat transfer values for inviscid model under
isothermal and isoflux boundary conditions

Axis ratio Present model Hsu [5]
� NuL=

���������
PeL
p

NuL=
���������
PeL
p

UWT UWF UWT UWF

0.1 1.235 1.579 1.164 1.313
0.2 1.096 1.371 1.176 1.326
0.3 1.029 1.271 1.173 1.323
0.4 0.995 1.210 1.160 1.308
0.5 0.975 1.169 1.141 1.286
0.6 0.964 1.141 1.118 1.261
0.7 0.959 1.120 1.093 1.232
0.8 0.955 1.105 1.067 1.203
0.9 0.953 1.094 1.041 1.174
1.0 0.952 1.086 1.015 1.145
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�2 	
36 � �2

90

��������������������������������������������
�2Pr��1 � e2cos2��2
cos ��2�1
 ��E�e�

s

 1

90

���������������������������������������������������������������������������������������������������������������������������������������������
�36 � �2�2�2Pr��1 � e2cos2��2

cos ��2�1
 ��E�e� 
 16200��1 � e2cos2���1 � 2 cos ��
E�e��1
 ��sin2�

s
	 F2��; �; Pr� (23)

The local heat transfer coefficient in both regions can be written as

h1��� 	
3kf
2�T1

	 3kf
2L

������
PeL
p
F1��;�;Pr�

region 1

h2��� 	
3kf
2�T1

	 3kf
2L

������
PeL
p
F1��;�;Pr� region 2

9>>=
>>; (24)

Thus, the local Nusselt numbers for UWT, in both regions, will be

NuL1 ���������
PeL
p 	 1:5

F1��;�;Pr� region 1

NuL2 ���������
PeL
p 	 1:5

F2��;�;Pr�
region 2

9>>=
>>; (25)

Following the same procedure for the uniform wall flux boundary condition, Eq. (18) can be written for two regions and solved for
dimensionless thermal boundary-layer thicknesses �1 and �2. The corresponding solutions for UWF can be written as

�1 	
36 � �1
180

��������������������������������������������
�1Pr��1 � e2cos2��2
�2�1
 ��E�e� cos �

s

 1
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�����������������������������������������������������������������������������������������������������������������������������
�36 � �1�2�1Pr��1 � e2cos2��2

�2�1
 ��E�e� cos � 
 32400�f���
�������������������������
1 � e2cos2�
p

E�e��1
 �� sin �

s
	G1��; �; Pr� (26)

and
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�2Pr��1 � e2cos2��2
�2�1
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s
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�������������������������������������������������������������������������������������������������������������������������������
�36 � �2�2�2Pr��1 � e2cos2��2
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 ��E�e� cos � 
 32400�f5���
�������������������������
1 � e2cos2�
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E�e��1
 �� sin �

s
	G2��; �; Pr� (27)

where f��� can be determined from Eq. (13), f5��� 	 f��� 
 f4���,
and

f4��� 	
Z
�

�=2

�������������������������
1 � e2cos2�

p
d� (28)

Using the definition of the heat transfer coefficient and Eq. (24), local
Nusselt numbers for UWF in both regions can be written as

NuL1 ���������
PeL
p 	 1:5

G1��;�;Pr� region 1

NuL2 ���������
PeL
p 	 1:5

G2��;�;Pr� region 2

9>>=
>>; (29)

Thus, the local Nusselt numbers from the front stagnation point to the
separation point, for both thermal boundary conditions, can be
written as

NuL������������
PeL
p 	 1:5

8<
:

1
F1��;�;Pr� 


1
F2��;�;Pr� UWT

1
G1��;�;Pr�


 1
G2��;�;Pr�

UWF
(30)

The average heat transfer coefficient can be defined as

hav 	
1

�

Z
�

0

h��� d�	 1

�

�Z
�=2

0

h��� d�

Z
�s

�=2

h��� d�



Z
�

�s

h��� d�
�

The integral analysis is unable to predict heat transfer values from
separation point to the rear stagnation point (third integral).
However, experiments (Žukauskas and Žiugžda [13], Fand and
Keswani [14], and Nakamura and Igarashi [15], among others) show
that the heat transfer from the rear portion of the circular cylinder
increases with Reynolds numbers. From a collection of all known
data, Van der Hegge Zijnen [16] demonstrated that the heat

transferred from the rear portion of the circular cylinder can be
determined from NuL 	 0:001ReL that does not depend upon the
Prandtl number. However, no such information exists for the heat
transfer from elliptical cylinders to liquid metals. Thus, the average
heat transfer coefficient, in dimensionless form, from front
stagnation point to the separation point for both thermal boundary
conditions, can be written as

NuL���������
PeL
p 	 1:5

�

8<
:
R �=2
0

d�
F1��;�;Pr� 


R �s
�=2

d�
F2��;�;Pr� UWTR �=2

0
d�

F1��;�;Pr�


R �s
�=2

d�
F2��;�;Pr�

UWF
(31)

The integrals in Eq. (31) are evaluated for different Prandtl numbers
(0.001–0.03) and for axis ratios (0.1–1) and the results are fitted, for
each thermal boundary condition, to a correlation in terms of Prandtl
number and axis ratio. These correlations are given by

NuL���������
ReL
p 	

8<
:
�0:92
2:78��Pr0:446��
0:085�0:024

1
6:75��0:85�2 UWT

�8304
61410��Pr�0:46
0:009�
0:016�2�0:011�3 �
1
103632�
738�2 UWF

(32)

Results and Discussion

Inviscid and viscousmodels for local and average heat transfer are
developed for the flow of liquid metals across an elliptical cylinder
under both isothermal and isoflux thermal boundary conditions.
Local and average Nusselt numbers are calculated and compared
with available results for both inviscid and viscousmodels using two
liquid metals, liquid bismuth (Pr	 0:0142) and liquid sodium
(Pr	 0:0058).

Figure 2 shows the comparison of local Nusselt numbers for the
inviscid isothermal model. These local Nusselt numbers are
compared with the Hsu [5] model for different axis ratios. It shows
that the liquid bismuth with higher Prandtl number has higher
Nusselt numbers. The local Nusselt numbers decrease quickly in the
front and rear stagnation regions, whereas they decrease steadily in
the middle region of the cylinder for both liquid metals. The
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difference between the twomodels increases with the geometry from
circular cylinder to flat plate. The local Nusselt numbers for both
liquid metals are compared for isothermal and isoflux boundary
conditions in Fig. 3. At the front and rear stagnation points, local
Nusselt numbers are the same for both thermal boundary conditions
and differ considerably at other points. As expected, the UWF
boundary condition gives higher heat transfer coefficients than
UWT. In Fig. 4, local Nusselt numbers of the viscous flowmodel are
compared with experimental and numerical results using the UWF
boundary condition. For �	 1, present results are in good agreement
with the available experimental and numerical results. Again, the
local Nusselt numbers decrease quickly in the front and rear
stagnation regions and decrease steadily elsewhere when � < 1. It is
observed that the viscous flow model yields lower local Nusselt
numbers than the inviscid flowmodel for the same thermal boundary
conditions. This is due to neglecting the hydrodynamic boundary
layer compared with the thermal boundary layer and the effect of the
separation of flow in the inviscid flow models.

Average Nusselt numbers of the present inviscid model are
compared with Grosh and Cess [3] for UWT in Fig. 5. The results are
compared for different axis ratios. It is observed that the average
Nusselt numbers increase with the increase in Peclet numbers and
decrease in axis ratio. This is mainly due to the increase in surface
area. Thus, in the limiting cases, the heat transfer values are higher for
a finite-length plate when the axis ratio �! 0, and lower for a
circular cylinder when the axis ratio �! 1. The average Nusselt
numbers of the viscous model are compared with available
experimental results [7,8] forUWT (Fig. 6). The present results are in
good agreement with the experimental results for �	 1. It is clear
that the heat transfer values increase with the increase in eccentricity
of an elliptical cylinder. The same behavior was observed for the
UWF condition.

Summary and Conclusions

Two separate viscous and inviscid flow models are developed for
local and average heat transfer from a single elliptical cylinder to
liquid metals for both isothermal and isoflux thermal boundary
conditions. It is demonstrated that the disagreement between the
inviscid and viscous flow models originates with the neglect of the
hydrodynamic boundary layer compared with the thermal boundary
layer and the effect of the separation of flow on heat transfer. The
inviscid flow model gives higher local and average heat transfer
coefficients than the viscous flow model. As expected, the heat
transfer coefficients for both thermal boundary conditions increase
with the decrease in axis ratio of the cylinder and the increase in
Prandtl number.
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